We consider a non-minimally coupled curvature-matter gravity model (NMC) with a Weyl connection, a theory referred to as non-minimally coupled Weyl connection gravity (NMCWCG). The Weyl connection is an affine connection that is not compatible with the metric, and involves a vector field. Assuming a vacuum expectation value for the vector field and a matter Lagrangian that only contains the contributions of the vacuum energy, we show that the model admits solutions in the space-form with a reference curvature that can be fine-tuned to much smaller values than the contribution of the matter fields. This shows that, at least in principle, the model admits a workable cosmological description. * rodrigo.baptista@fc.up.pt † orfeu.bertolami@fc.up.pt 1 Even though in Ref.
I. INTRODUCTION
In 1918, Hermann Weyl introduced what we today call the Weyl connection [1] . This connection was a first attempt to unify the only two known interactions at that time: gravity, described by the Theory of General Relativity; and electromagnetism described by Maxwell's theory. Although not successful in its original purpose, the idea of an affine connection not compatible with the metric and, in particular, one whose covariant derivative of the metric depends on a vector field has been recently re-examined [2] 1 .
On the other hand, another way to highlight the role of the Weyl connection is to consider it in the context of gravity models with non-minimal coupling between curvature and matter Ref. [3] . These NMC models extend well-known f (R)-theories by introducing an additional function, f 2 (R), that couples curvature to matter. This coupling introduces new features to the gravity theory: the energy-momentum tensor is no longer covariantly conserved; there is a deviation from geodetic motion, and there are several implications for cosmology. For an in-depth description of the NMC model see, for instance, Refs. [3] [4] [5] and references therein. In the present work we aim to introduce the Weyl connection into the NMC model, in a theory dubbed as non-minimally coupled Weyl connection gravity (NMCWCG). This model was originally discussed in Ref. [2] without endowing the Weyl vector field with a kinetic term.
The purpose of this paper is to study the aforementioned theory and to examine if space-time admits, in this model, constant sectional curvature, i.e. a space--form, whose associated curvature is small in comparison with the vacuum contribution of matter fields. This is a relevant step in order to show that the model allows for setting up a sensible cosmology.
II. THE WEYL CONNECTION
A Weyl connection introduces, through the covariant derivative D µ , a vector field A µ such that:
where
in the absence of torsion, such that ∇ µ corresponds to the Levi-Civita connection and
is the disformation for the Weyl connection. The Weyl vector field can admit, in its most general form, a gauge group and a field strength that is given by where [·, ·] represents the commutator. Naturally, if A µ is an abelian field, the second term in the previous expressions vanishes. The Lagrangian density of the vector field is given by:
where µ is equivalent to the electromagnetic permeability, and a potential is admitted. The associated energy--momentum tensor is obtained from the usual definition,
This leads to the Weyl energy-momentum tensor
whose trace is given just by the second term
From Eqs. (2) and (3), the Riemann tensor can be obtained. Contracting this tensor, we get the Ricci tensor:R
with R µν the Ricci tensor for the Levi-Civita connection; E µν = ∇ µ A ν + ∇ ν A µ + 2 {A µ , A ν } and {·, ·} representing the anti-commutator. Finally, the scalar curvature is given by:
where R is the scalar curvature corresponding to the Levi-Civita connection.
III. NON-MINIMALLY COUPLED WEYL CONNECTION GRAVITY
The proposed NMCWCG theory has the following action:
where κ = c 4 16πG and g is the determinant of the metric. The equations of motion are given by:
, L is the total Lagrangian (matter plus Weyl) and F i = dfi dR , i = 1, 2. The corresponding trace equation is given by:
µν . The equations of motion for the Weyl vector field are given by:
where we have assumed that the Lagrangian of the matter fields depends on A µ only through the covariant derivative D µ . If we drop the kinetic term of the Weyl field and assume that the Lagrangian of the matter fields does not depend explicitly on A µ , we get the equations of motion obtained in Ref. [2] .
IV. SPACE-FORM
A Riemannian manifold is said to be a space-form if its sectional curvature is constant, i.e. if the Riemann tensor components can be written as
with Λ ∈ R. A natural generalisation of this result, is to allow the space-form constant to vary with the coordinates of the manifold, Λ = Λ(x). Hence, we can compute the Ricci tensor and the scalar curvature as
It is easily seen, using Bianchi's Identity, that, for the Levi-Civita connection, the space-form must be a constant. In the case of the Weyl connection, the previous identity gives us a constraint for the space-form function:
which, by simplifying and defining F ≡ 1 8κµΛ0 F αβ F αβ , becomes
where we have assumed that the Weyl field is constant. Naturally, this equation can only be solved in terms of Λ if we specify f 1 and f 2 . For that reason, we choose f 1 (R) =R + aR 2 , a ∈ R\{0} and consider the following cases [6] [7] [8] [9] [10] [11] :
where R 0 is a reference curvature whose scale is given by the problem at hand, that is, it can be galactic, cluster of galaxies or Universe's observable horizon scales.
In what concerns f 1 , there are two major reasons for the considered choice: the first one is that this is the model proposed by Starobinsky for inflation [12] , which is consistent with the results from Planck data 2018 [13] ; the other reason is that, in Eq. (19) , the only dependence on 
Rearranging the terms, we get the equation
This is a polynomial equation of type p(Λ) = 0 for p(Λ) = αΛ n + βΛ − 1. It is easily shown, using Rolle's theorem, that this type of polynomial has at most two or three real roots depending on the sign and parity of n.
We can now solve Eq. (22) for some values of n: n = 2:
In the case of n = −1 we have to invert the equation. Therefore, Eq. (22) becomes
whose solutions are:
Notice that for all cases, in order to have a solution in which Λ/Λ 0 → 0 we must have R 0 → 0 (for n = 2, |R 0 | → ∞ also yields the same effect). For the positive values of n we can also obtain Λ/Λ 0 → 0 by allowing F → ∞.
Clearly, these choices are not physically acceptable. For n = −1, even though the choice F = −3 seems to give a flat space-time solution, we have multiplied the whole equation by Λ, which invalidates this solution. Thus, for this case, we can only get Λ/Λ 0 0, when F −3.
For values of n larger than 2 and smaller that −2, an analytical solution becomes difficult to get (and in most cases impossible due to the Abel-Ruffini theorem). Therefore, we shall try the approximation 2 Λ Λ 0 directly in Eq. (22). In order to do that, we drop the linear term and thus:
12 n 2R n 0 Λ n nF + (n − 2) 1.
Now, the solution to this expression is trivial. For n odd:
and for the case of n even:
Again we see that for any n, Λ is arbitrarily small for R 0 arbitrarily small or for F large for positive n or
for n negative. Thus, the power coupling only yields acceptable solutions for negative values of n.
B. Power Series: f2(R) = 1 + n∈U rnR n
The next test is to consider f 2 to be a finite sum of several powers. For that reason, let U be a subset of Z\{0} so that f 2 (R) = 1 + n∈U r nR n , r n = 0 ∀ n ∈ U.
(28) 2 This approximation is valid in the sense that, observationally, Λ < ∼ 10 −52 m −2 [15] , whilst the value of the vacuum energy given by quantum field theory is Λ 0 ∼ 10 63 m −2 , when considering the vacuum energy density to be ρvac = Λ 0 8πG ∼ 10 71 GeV 4 . Consequently, when comparing these values, Λ/Λ 0 < ∼ 10 −115 . 
which leads to, n∈U r n 12 n Λ n n 2
Obviously, we cannot solve this equation without knowing the full set U . Let us then consider U = {−1, 2}. In this case, Eq. (30) becomes
Multiplying the whole equation by Λ, we are able to find the expression
Because, computationally, it is easier to work with dimensionless quantities, we divide the equation by Λ 0 , leading to:
where ρ 2 ≡ r 2 Λ 2 0 , ρ −1 ≡ r −1 /Λ 0 and λ ≡ Λ/Λ 0 . From a simple analysis we see that, if we set ρ 2 = 0 or F = 0, we reobtain the solution for n = −1 from the previous section. If, instead, we assume 3 that F = −3, we get the solutions of n = 2 of the previous section, as well as the solution λ = 0. Although this is exactly the result we would want, Λ = 0 is not an acceptable solution when considering Eq. (31). Notice that the choice of a negative power and a positive power are motivated by the fact that a negative power tends to mimic dark energy [7] , whilst a positive power is useful to mimic dark matter [8, 10, 16] .
We can also solve Eq. (33) numerically. The graphs in Figs. 1 and 2 represent the solutions depending on the parameters ρ −1 , ρ 2 for F = 7. In Figs. 3 and 4 , we plot the solutions of Eq. (33) for any F for different values of ρ 2 with ρ −1 = 2 and for different values of ρ −1 and ρ 2 = 2, respectively.
We find that, for a constant value F, the only possible way to get λ 0 is when either |ρ −1 | or |ρ 2 | are large, which are not interesting results (they both correspond to the case f 2 → ±∞). However, for varying F fine--tuning is achievable. By analysing Figs. 3 and 4 , we find solutions where Λ 0 for values F −3. This means that, for
or, for
where · 0 represents the vacuum expectation values, we find solutions for Λ 0. C. Exponential Coupling: f2(R) = eR /R 0 For this last case, we restart with the trace equation, Eq. (13), which becomes
Defining r ≡R/Λ 0 = 12Λ/Λ 0 , r 0 ≡ R 0 /Λ 0 and, again, F ≡ 1 8κµΛ0 F αβ F αβ , we obtain the transcendental equation
r e −r/r0 = 1 − 1 2
It is easy to see from a graphical analysis of both sides of Eq. (36) that there are, at most, three solutions. Nevertheless, we are interested in the case r 1, corresponding to Λ Λ 0 . In Fig. 5 , we plot the numerical solutions of Eq. (36) as a function of the free parameters r 0 and F. This plot highlights the fact that the solutions to the trace equation satisfy Λ Λ 0 , only when R 0 ∼ 0 for any value of F. This means that we only expect to see small values of Λ for any Λ 0 if the coupling f 2 diverges. This implies that the exponential coupling is not a physically interesting one.
V. CONCLUSIONS
In this work we have considered the non-minimally coupled Weyl connection gravity (NMCWCG) where the Weyl vector field is dynamical. We have examined solutions of the system for a space-form manifold.
We have looked for solutions with the choice f 1 (R) = R+aR 2 , and study different possibilities for the coupling, f 2 (R): an arbitrary power ofR, multiple powers ofR and an exponential form. The obtained results for values of a constant space-form small compared with the vacuum energy of matter fields are as follows: for the power coupling with power n, we only find acceptable solutions for n < 0: F = −1 + 2/n; for f 2 (R) = r 2R 2 + r −1 /R, if F −3 or, similarly, for L W 0 −3 L m 0 ; for the exponential coupling, regardless of F, the only solution for Λ 0 is for a divergent term for the function f 2 , which is not acceptable. This result is similar as the case of the positive power coupling.
These results show that the NMCWCG model can be considered for setting up cosmological models for certain choices of f 2 (R) as described above.
